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Abstract
The present work deals with the Mathematical Modelling of Thermoelastic Hollow Cylinder
occupying the space D: a<r<b; 0<z<h by the Application of Fractional Order
Theory. A hollow cylinder is subjected to convective boundary condition on upper and lower
plane surface also zero temperature is maintained on the curved surfaces. The attempt made
to analyze the temperature, displacement and thermal stresses of cylinder by using Integral
transform technique. Numerical results are computed and represented graphically for the

temperature and stress distributions.
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INTRODUCTION

The theory of coupled thermoelasticity is
initially introduced by Biot [1] to overcome
the first short coming. The governing
equations in this coupled theory involved
eliminating the first paradox of the classical
theory. Due to mixed parabolic hyperbolic
type heat equation for the coupled theory the
second short coming is shared by both
theories, after this many generalizations to the
coupled theory were introduced. Important
analytical results to the coupled theory were
obtained by Hetnarski and Ignaczak [2] and
examined several generalizations. A unified
generalized thermoelasticity theory was also
introduced by Hetnarski and Eslami [3] and
also mathematical and mechanical background
of thermodynamics, classical thermoelasticity
advanced theory and applications, generalized
thermoelasticity ~ presented  successfully.
Ignaczak and  Ostoja-Starzeweski  [4]
explained the mathematical aspects of Lord
and Shulman theory [5] illustrated in detail.
For a finite propagation speed, generalization
of the Fourier law stated by Preziosi [6] and
Cattaneo [7].

To find the exact solutions for an isotropic
body in various curvilinear coordinate systems
for elastic and static thermoelastic problems
the Fourier method was used by Podil’chuk
and Kirichenko [8] while analytical solutions
are available only for a few problems with
simple geometries or loading system.
Therefore, numerical or experimental analyses
are used to solve such problems. In stress
analysis of a finite elastic component an
analytical/numerical method was developed by
Gao and Rowland [9].

For an anisotropic and inhomogeneous
material some theorems in the linear theory of
thermoelasticity with dual phase-lags was
discussed by Kothari and Mukhopadhyay [10].
A three dimensional models of generalized
thermoelasticity with one relaxation time and
with one and two-temperature determined by
Ezzat and Youssef [11], whereas under
temperature dependent mechanical properties
three dimensional model of the generalized
thermoelasticity without energy dissipation
was established by Abbas [12]. The
establishment of whole theory of fractional
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derivatives and integrals is done in 19th Century and many existing physical models have been
successfully modified by Fractional calculus. Abel [13] gives the first application of fractional
derivatives who find the solution of an integral equation by applied fractional calculus in the
Tautochrone problem.

The thermoelastic stress, strain, and conductive temperature in a piezo elastic half space body is
obtained by Islam and Kanoria [14] for two temperature generalized thermoelasticity theory in the
context of the fractional order. Variation of time-fractional differential operators with memory effects
was investigated by Povstenko [15, 16]. Time-fractional heat conduction in a composite medium is
solved analytically for an infinite matrix and is presented for a spherical inclusion by Povstenko [17].
Associated Thermal Stresses is determined in space with a Source which Varying Harmonically in Time
Space in context of Fractional Heat Conduction. Warbhe et al. [18] studied quasi-static approach for
fractional-order theory of thermoelasticity in two-dimensional problem of a thin circular plate.

NOTATION AND GOVERNING EQUATIONS
The basic relationship for the problem defined above can be summarized as follows:
The expression for displacement function is defined by [2] as

0° ¢ 18¢ 0° ¢ (1+v)

ar2 ror 62 C@A-v) !

Where, p=0atr=aand r=>0 2)
Here, v is Poisson’s ratio, a, is coefficient of thermal expansion and & denotes temperature for
length hollow cylinder.

a, 0 (1)

1. The Caputo type fractional derivative for nonlocal heat conduction is defined by [15]
o“ T (t o d"f (7

a( ) J'( o n -1 ( ) dr

ot F(n a) dz"

n—-1l<a<n 3)

To find Laplace transforms of the Caputo derivative it needs to know the initial values of the
function f (t) and its integer derivatives of the order P =0,1,2,....,n —1.

a P=n-1
{aatf(t)} s (s)— > F®(0)s P, n-l<a<n 4)
P=0

2. Displacement temperature relationship [2] as:

VU —%+(1+2v)’1@ (1+V)a < 5)
r or A-v)
vzw—%+(1+2v)*1@ d+v) ©)
r or (1 V)
Where, e denotes the volume dilation and is defined ase = aa_r + UT + aa—V;/

Here, U and W are radial and axial displacement respectively for uncoupled finite hollow cylinder.

2. Radial and axial displacement U and W in terms of thermoelastic displacement function is
defined as
_%

or ()
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3. Stress Displacement relationship is as follows

ar=(ﬂ+ZG)a—U+i(E+aﬂj )
or r 0z
cz=(k+26)6ﬂ+x(a—u+£] (10)
0z or r
U o ouU
=(A+2G)—+A| —+— 11
% =( ) r ( or oz j ()
o, =G (aﬂ + 8_Uj (12)
or 0z
2Gv | .
Where, A = 17 is the Lames’ constant, G is the shear modulus.
— 4LV
The stress functions are given by
o,(az1)=0, o,(b,21t)=0,0,(r20)=0 (13)
o (r.z.0))_, =p. o, (r.2.Y),, =—p,, o,(r,2,1)], =0 (14)

Here along the boundaries of the cylinder surface pressures p; and p, are assumed to be uniform.

FORMULATION OF THE PROBLEM
For unsteady state the heat conduction equation in time fractional order context for finite length
hollow cylinder is given as [18]

%9 100 0°9 106

Sttt =— ; a<r<b, 0<z<h (15)
or ror oz K ot
with initial condition and boundary conditions
o(r, z,t)|_, =0 O<a<2 (16)
o, 2.1)+c 220201 iy s (17)
0z b
or, 2, 1) +c 220 2YL oy s (18)
oz 10
o(r,z,t) __ =0 (19)
o(r,z,t) =0 (20)

Equations (1) to (20) constitute the mathematical formulation of the problem under consideration.

SOLUTION OF THE PROBLEM
Applying finite Hankel transform to (15), (16), (17) and (18) and using (19), (20) one obtains

d’0 .- _10°0
dz? " K at”

(21)
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o(4,,2,0)=0 (22)
6(4,, h,t)+C w = f(1,)6() (23)
6(,,0,9+C X200 _ g2y 5 (22)

Where, A, is the Hankel transform parameter and 6 denotes the finite Hankel transform of .
On Applying Laplace transform to the equations (21), (23), (24) and using (22) one obtains

d20 -
W -9%°0 =0 (25)
Where,

m=n-1

q° =4 +%{S“L{0}— > om (0*)3‘“”“} (26)
m=0

6 (4., h, s)+CW= (1) (27)
VA

72,09 +c 200 gz ) 28)
Z

Where, 6 denotes the Laplace transform of 6 and s isa Laplace transform parameter. The equation
(25) is a second order differential equation whose solution is in the form

0 (,,2,5)=Ae" +Be™® (29)

Where, A, B are constants and A, are positive roots of the transcendental equation.
[IO(ﬂ’na) I<0 (ﬂ“nb)_ IO(lnb) Ko(ﬂ’na)]zo (30)

Where, |, and K, are modified Bessel’s function of first and second kind of order zero respectively.
Using (27) and (28) in (29) one obtains

Al fG)-T @) e o f()-T(4,) e”
2(1+qC)sinh(gh) 2(1—qC) sinh(gh)

Substituting the values of A and B in (29) one obtains,

5 (. 2.5)= f*(4,) (sinh(qz) CCOSh(qZ)
"1 g2c? sinh(gh) sinh(gh)

~ g (4,) (sinh(g(z-h)) c cosh(q(z —h))
1-q°C*{ sinh(gh) sinh(gh)

(31)

Applying inverse Laplace transform and inverse Hankel transform to (31) one obtains the expression
for temperature O(r, z, t) as,
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4K7z(1 C)& A2 12(A,a)
or 2.0 = 217 02) K (ak)

me( 1)m+{sm(m;rz] (%)co{m:zﬂ 11(;"332 Ea(— K(iﬁ mhﬂ J(t“ —t’“)J

_4Kz(1-C) A 15(4,3)
h2 I()z(bﬂ’n)_l(f(aﬂ’n)

x i m(—l)"”{sin(m”(rz1 — h)] - (n:];rj co{mﬂ(:] - H 1?(52”():2 E, [— K(iﬁ +

Here, E, (.)represents Mittag—Leffler function.

[Io(rﬂ“n) KO(b/ln)_ IO(bﬂ“n) KO(rﬂ“n)]

[IO(rﬂ’n) KO(b/ﬂtn) - IO(bﬂ’n) Ko(rﬂ’n )]

mzfzj(t“ —t'“)j

(32)

DETERMINATION OF THERMOELASTIC DISPLACEMENT
Using &(r, z,t) from (32) in (1) one obtains the thermoelastic displacement function ¢(r, z, t) as,

1+v K7r(1 )& riA2ii(4,a) ~
or.2.0- 1 Ja S s ) K02, <102, Ko(12,)

i1 manz mr manz f(4,) _ , m’zm ¢ ra
me( 1) {sm( A j—(T}cos( A ﬂl—iﬁcz E({ K(/ln -2 J(t t )J

(1+v K7r(1 C)&  r’ l5(4,a) ~
(1_‘/}at ;IO(b/l ) I (aﬂn)[IO(rﬂn) KO(bﬂ’n) IO(bﬂ’n)KO(rﬂ”n)]

o mal| . (mz(z—h) mr mz(z —h) g(jn) , miz?) ..
x;m(—l) [sm(hj—(hjcos( A ﬂl—/lﬁCZE“(_K(A”JF > ](t —t )j

(33)

Radial and axial displacement U and W are obtained by using (33) in (7) and (8) as,

U =(1+1/Jat Kr@l- C)Z 212 (4,3)
1-v S 12(bA,)-12(al,)

><2r(|o(r/1n)Ko(bln)—lo(bfln)Ko(rﬂn)— r* 2, (1,(r4,) Ko (04,) = 1 (02,) ky (r2,))]1

o mzz mz mz\| f(4,) e M e e
me( 1) {sm( A j (T)cos( A ﬂl—ﬂ,ﬁCZE“[ K(/in -2 ](t t )J

_(l+vjat Kz(l- C)z r’212(4,a)
1-v S 12(bA,)-1¢(a4,)

x 2r(l,(rd,) Ky (b4,) - 1,(bA4,) K, (r/1n) —1?2,(1,(r2,)K, (bA,) = 1, (b2, )K, (r2,))]

x gm(_l) m”{sin(mﬂ(ﬁ — h)j —(mh”jcos(mﬁ(a —n) ﬂ

g2 m?z? o
Xlg(;ﬁngz E{— K(,1§+ 7 j(t“—t )J (34)

RRJoOPHY (2019) 46-57 © STM Journals 2019. All Rights Reserved Page 50




Modeling of Thermoelastic Hollow Cylinder Khobragade and Lamba

(1+v) | Kz(l-C) & r?Ai 15(4,a) ~
W_(l—v)at 2 nz_;lg(bin)_lg(aln)[lo(mn)Ko(b/ln) 1,(04,) K, (r4,)

><im(—l)””{%)[cos(%)+(%)sin(mfzﬂli(;”gz E, {— K(ﬁﬁ + m:lfz ](t“ —t’“)j

_[l+vja Kr(l-C)&  r?A215(4,a)
1-v) ' h?r &I12ba,)-1E@k,)

x gm(—l)m”(%j{cos( m”(:] — h)) + ( mh”)sin( m”(; —h) ﬂ

9(4 m?z? "
X%Ea(—r{ﬁh hf j(t“—t )J (35)

[15(r2,) Ko(bA4,) = 1,(02,) Ko (rA,)]

DETERMINATION OF THERMOELASTIC DISPLACEMENT
Using (34) and (35) in (9) to (12) the stress function are obtained as,

o =(1+2G) (1+Vja K2l=C) g~ Al (%)
re 1-v) " h* EI1Xba)-12@4,)

x 2r(l5(rd,) Ko (b4,) =15 (04,) Ko (ra,) —4rd, (1,(rd,)K, (b4,) = 1, (b4,)K, (r2,))]1]
= P21 (rA,) Ko (b4,) = 1, (b4,) K[ (r2,)]

2 ol o (mm) (mz mz\| f(4,) e M e e
x;m(—l) {sm[ A ]—( . jcos( A ﬂl—iﬁcz E({ K(/ln+ - J(t t )J

_(l+v}a Kz(1l-C) & 22 12(4,a)

1-v) ' h?  &I12(bi)-12@4,)

x 2r(1,(rA,) Ko (04, ) = 1,(bA,) Ko (rA,)  —4rA (1,(r2,)1,(bA,) — 1, (b4, )K,(r4,))
— 1222 (11(rd,) Ko (b4,) = 1, (b4,) K{(r,)]

o mal| - (mz(z—h) mir mzz(z —h)
x;m(—l) {sm( 5 j—( » jco{ . ﬂ

Ay m°z* ) o i
Xl?(ﬂ.zc)lz Ea{—K(/lﬁJr -~ j(t ~t )J

M(lw)at Kn(lz—C)i : A2 |§(/12a)
h h=1 IO(bZ’n)_IO(ain)
x 2r(ly(rd,) Ko (b4,) = 1,(04,) Ko (ra,) —ra, (1,(r4,)K, (b4,) — 1, (04,) K, (r4,))
+r2(15(rd,)K, (04,) = 1, (b4,)K, (r4,)]

> maa| . mm(z—h) mn mn(z — h)
B an{ TG (o 2
+ (MJ {Cos(%j(mj—sin(mﬂzﬂ f_(;tz”)z Ea[— K(Aﬁ + meZ J(t“ —t'“)j
h h h h J]1-2C h
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—i[leat Kﬂ(lZ—C)i : A |§(/1n2a)
h h=1 IO(bﬂ“n)_IO(a/ln)
x 2r(1o(rd,) Ko (b4,) =15 (b4,) Ko (rd,) = rd, (1,(r,) Ko (b4,) = 1o (b4,)K, (r4,))
+ 121, (r,)Ky (b2,) — 1, (b4,)K, (r,)]

> maa| . mm(z—h) mn mn(z —h)
< G- (o )|
(5 e ) o e o e )

ogz(l-i—ZG)Hl-H/jat K7z(12—C)°° 2 /lﬁlg(ﬂga) }
1-v h®  S12(b4,)-12(ad,)
% [1,(r4,) Ko (04,) = 1,(04,) K, (rA )11

x im(—l)m”(%j {co{%)(%}—sin(mr:zzﬂli(jz”gz Ea(— K[/lﬁ + m:\fz j(t“ —t'“)]

_(l+vja Kz(l-C) & i 14 (4,2)
1-v) ! h? h:1|§(b/1n)—|§(ain)

2
oy M7 mr(z-h)( mrn) . (mn(z—h)
e (h j {CO{ h j[ hj S'”( h ﬂ

94, Mz ) e
Xlg(f()iz E{—K(iﬁJr 2 j(t ~t )]

m(l”jat Kn(lz—C)i : A2 |§(/1;a)

1-v h = 12(02,)-12(a4,)

x 4(1,(rA,) Ko (bA,) = 1,(bA,) K, (rA,) =5rA, (1,(r2,)K, (bA,) — 1, (04K, (r4,))
— r2(11(r2,)Ko (04,) = 15 (b2,)K{(rA,)]

e wal . (mz(z—-h) mz mz(z-h)\| f(4,) , m*zt )\, ..
me:;m(—l) [sm( 5 j—(hjcos{ A ﬂl—/ﬁczE“(_K(anr > ](t —t )j

_ﬂ{lea Krl-C)& A2 12(4,)

1-v) ' h? &I1E0ba)-12(l,)

x 4(1,(rA,) Ko(bA4,) —1,(bA,) K (rA,) =5rA, (1,(r2, ) K, (bA,) = 1,(04,)K, (r1.))
= P2 (1(r2,)Ko (b4,) = 15 (b4, )K{(r2,)]

x S _\MH| i m”(z_h) _ m m”(z_h) x f(//i’n) _ 2 mZﬂ_Z a __tra
mZ{m( 1 {sm( A j (h jco{ A H 1—/1ﬁC2E“( K(/In+ " J(t t )j

(37)

1-v

x [1,(rd,) Ky (b4,) = 1,(bA,) K, (rA,)]]

o, =(A+2G) (“Vja Kz-C)5 o 1o (%)
0 1-v) ' h? SI1ibA,)-12@4,)

x 2(1,(r4,) Ko (bA,) —1,(bA,) Ko (rA,) —rA, (1, (r4,)K,(bA,) — 1, (bA,) K, (rA,)]]
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o mzz mz mzz\| f(4,) I TS PO
me( 1) {sm( A j ( » jco{ - ﬂl—ﬂﬁcz Ea( K(ﬂn -2 J(t t )j
_(l+vj K7z(1 C)Z A2 12(4,)

1-v = 12(bA) - KZ(ak,)
><2(|0(F/1n)Ko(bfln)—lo(b/%)Ko(Mn) rA, (1,(r4,) Ky (b4,) — 1, (b4,)K,(r4,))

S m+l| i mﬂ-(z_h) mz mﬂ'(z_h) §(ﬂ’n) 2 m” a ra
x;m(—l) {sm( - )—(cho{ - ﬂl—ﬁﬁCZE“{_K(ﬁn -2 ](t t)]

M(lw] tK;r(l c:)Z 22 12(4,a)
1-v = 12(02,)-12(4,)
x 2(1,(rA,) Ko (b4, ) = 1,(bA,) K (rA,) —4rA, (1, (rA,)K, (04, ) = 1,(bA,)K,(r4,))

= r?2(1{(rA,) Ko (04,) = 15 (b4, K] (r/ln)]im(_l)mu[sin(mﬂ'(z h)j ( ) (mﬂ(z h)ﬂ

1f(jzgz Ea{—K(ﬂHmzfzJ(t“ ,Q)J (1+VJ tK;z(l C)ilz 22 |§(/1n2a)
1o (b4,) — 15 (a4,)

x 2(14(12,) Ko (b4,) — 19(b4,) Ko (14, ) — 412, (1,(r2,)K, (b2,) ~ 1,(04,)K, (4,))
P22 (1(r,) K, (04,) — 1y (04,)K] (F2,)]

xim(_l)m+l|:5in(m”(|:_h)j—(TjCO{m”(;_h)j:|li(;tn(.):2 E,{— K(/lﬁ m'z ](t“ —t’ )j

1+v K7r(1 )& riali(1,a) ~
+[1_Vjt ;IO(M) Fan (o) Ko®4) = 1o04,) Ko(r2,)
e J(t“ —t'“)]

- e M mz(z —h) (mz(z-h)Y)] f(1,) )
x;m(—l) [h) [cos( h j(h)—sm( : ﬂl—/lﬁcz Ea(— K[/In +
(38)

O_n:26|:(1+vj Kﬂ(l C)Z 212 (4,9) }
1-v S12(bA,)-12(ak,)

x 2(1,(r1,) Ky(bA4,) —1,(bA,) K, (r4, )— r’a, (1,(rA,)Ky (bA,) = 1,(04,)K, (rA, )11
me( 1)"”1[ ){co{mszj+(n;njs n[m:zﬂ

f(ﬂ;n)2 Ea(_ K(ﬂ,ﬁ m T ](ta tra)J
1- 22C h?
_(1+ v] K7r(1 C) Z 22 12(4,a)

1-v IO(b/ln)_Ig(aj’n)
><[2r(|0(rﬂ'n) Ko(bﬂ'n)_ Io(bﬂ“n) Ko(rﬂ“n)]_ rzﬁ‘n(ll(rﬂ“n)KO(bﬂ“n)_ IO(bﬂ“n)Kl(rin))

B e
m=1
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a 2_2
x —1?(;”22 E({— K(/lﬁ " mhf ](t“ —t’“)J (39)

SPECIAL CASE AND NUMERICAL RESULTS

Numerical computations for temperature and stresses has been done by using MATHEMATICA
software for different value of « and shown graphically in Figures 1-5. The material properties of
copper have been considered for the numerical computations.

E =120GPa, v =0.34, p=8.954x10° Kg m?, K = 0.386x10° Wm™K™,
—a)sin(b - r)j e and g(r. 1) = (1_e_t)(sm(r —a)sin(b - r)j

Set f(r,t)=(l—e™) (Si“(r r r

2K7t[h2+2h][cos(a+b) cosBp—a)], k=0.86,t=1sec., a=1,b=2and h=1in

(32) to obtaln

AGEANES JRU Y )
;l (Zﬁ’n)_I()Z(/ln)[IO(rﬂn)KO(ZEH) IO(Zﬂ*n)KO(rﬂn)]

x i m(=1)™*{[sin(3.14mz) — (3.14m) cos(3.14mz)Je

m=1

— [sin(3.14m(z —1) — (3.14m) cos(3.14m(z — 1)) ]} x j(l P 2)e*°-86“ﬁ+9-6m2><1*”dt' (40)

GRAPHICAL ANALYSIS
Figure 1 shows the variation of temperature along the radial direction for different value of & . The
graphical plot indicates that the temperature goes on increases as going radially outward direction.

Figure 2 shows the variation of the radial stress along the radial direction. Initially o, is at zero and
as going radially outward o, starts decreasing for different value of o

350
3.0}
2.5[
- =1

2.0}

1.5¢

1.0;-

1.0

Fig. 1: Temperature 6 with Respect to Radius I for Different Values of « .
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-2.0} FR
0.0 0.2 0.4 0.6 0.8 1.0
r
Fig. 2: Stress o, with Respect to Radius r for Different Values of « .
20/
@03 Fo
15[ 7
a=13 \\) {
@ =2 _'-: /
o 10¢ '\‘\-\) /
-
=/
5[ =/
IR
et -r«‘/ -
|| SRS
0.0 0.2 0.4 0.6 0.8 1.0
r
Fig. 3: Stress o, with Respect to Radius r for Different Values of o
1.5}

1.0

Fig. 4: Stress o, with Respect to Radius r for Different Values of «
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0.0}

-0.5}
1.0
a—rx
-1.5[
2.0
-2.5F
-3.0f
~3.5}

e S s s mmm i =
I

0.0 0.2

0.4

r

0.6 0.8 1.0

Fig. 5: Stress o, with Respect to Radius r for Different Values of o

Figure 3 represents the variation of stresses o,
along the radial direction for different value

ofa. It is observed that stress function
o,00es on increasing in radial outward
direction.

Figure 4 represents the variation of stresses o,
along the radial direction for different value
of . It is observed that stress function o,

smoothly varies fromO<r <0.6and after
these increases instantly in range 0.6<r <1
along radial outward direction.

Figure 5 represents the variation of
stresseso,, along the radial direction for
different value of « . It is observed that stress
function o,, smoothly varies from

0 <r £ 0.6 and after these decreases instantly
in range 0.6<r<1 along radial outward
direction.

CONCLUSIONS

In this work we discussed fractional order
theory of thermoelasticity for the finite
isotropic hollow cylinder under convective
boundary condition on upper and lower plane
surface. Here we analyzed only quasi-static
uncoupled approach for hollow cylinder
without considering the inertia term in the
basic equation of motion. The associated
thermal stresses are obtained by using the
displacement potential function with the use of

Integral transform technique. The infinite
wave propagation in terms of heat energy is
observed due to the parabolic nature of heat
conduction equation. Numerical results are
computed and represented graphically for the
temperature and stress distributions.
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