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ABSTRACT

The object of this paper is to establish a relationship between the double Laplace transform and the double
Hankel transform. A double Laplace-Hankel transform of the product of H-functions of one and two variables
is then obtained. Application of our main result, summation formula and some interesting special cases have
also been discussed.
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1. INTRODUCTION

If F(p,, p,)is the double Laplace transform of f(X,y), then

F(pup,) = [ Je ™™ f(x,y)dxdy; Re(p,)>0,Re(p,)>0 (1)
00

If H(p,, p,)is the Double Hankel transform of f (x,y), then

H(py p,) = [ X3, (p) Y3, (,¥) F (x, y)dxdy (2)
00

Provided that xJ, (p,X) >0, yJ ,(p,y)>0.

The following formula is required in the proof:

0 ®© —S/Ap—tlu

”x“yt’lH [axﬂ,by"]dxdy _a’h ¢(_§,_£ng (—ijes (—ij 3)
% Au A u A Y7

H[x] represents the H-function of Fox [1].

The H -function of two variables [2] using the Srivastava and Panda [3] is defined and
following notation, which is due essentially to represented as:

H [X, y] -H |:>;:| —H 0,ny My ,NyiMy, Ny |:x
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= j [#(£.m)6,(2)6,() ¢ y"dé dn

LL

where,
ﬁf(l—aj+aj§+Aj77)

#(&m) =—; — T

[T -ag-Amn[[ra-b;+ 8¢ +Bmn)

j=m+1 =t

Hr(l C,+7 g)Hr(d -5,¢)
0,(8) = pjz_l

H I'(c, —ng).]‘[ r(l-d;+6,)

HF(l e, +E77)HF(f Fn)
0,(n) = pi_l

[ Te,-Emn H r@-f,+Fn)

2. MAIN RESULT

Theorem: If F(p,, p,) is the Laplace transform, then

( pl)ivis1 (_ pz)iﬂis2

2 V-H=2sts;)

F(p,p,)= C(v+s +)T(u+s,+1)

(5653, (pt)3, (Pt F (6.t

Proof: From Eq. (1), F(p,, p,) = _”'e‘pltl"’2t2 f(t,t,)dt dt,
00

=ii( pl) ( pz)SZ Tthltszf(tl’t )dt dt

050 St
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V=5 —H=S
= (512251 ( pf)f Fv+s+)r'(v+s,+1)

2/4252

[ P (-D* (pt jsl S (D® (pt j
Sit“2 —! 22 f(t,t,)dt dt
!!tl 0s IT(v +s, +1) 2, 2 (4, ) dt, dt,

0S8 T(v+s,+1)

()R (p)

ity LS DD (s, +1) [T 6273,(pt)J, (pt) F (4, t,) dt ot
00

3. ADOUBLE HANKEL TRANSFORM

1(QJ Gi)p

”xJ (pX)Yd, (P, Y)H: [cx y° ])q}H[axy,by”]dxdy

©  ® ( 1)r1( l)r2 v+2n p,u+2r2
=22

ion0 hIBIN(V+n +1)F(/J+r +1) Qv

v+2n+2 A
1(9j,Gj)nv1(1*dj*[ 71 ij ;;Dj)mz

M+N, +Ng,N+M, +Mg Ca—l/yb—ﬁln
V+2R+2 A
1(hJ-,HJ-)m,l(l—cj—( yl ch;;C»

P+0;+02+03,9+ Py + P2+ P3

U210, +2 o v+2n+2
[1—fj—[ Fi—Fi| na(9),Gjlp,  |1-dj D;—D;
1 n n P3 np+l 4 a2

A
14
[1—e,~—[”+2r2+2jEj,éEj] a0 H e, [1—cj—[v+2r1+2jcj,icj]
1 n n P3 mp+l 7 4 7]

[l—bj _(v+2r1+2Jﬁj _[/t+2r2+2]Bj +iﬁ,~ +éBjJ
. 7 n rhn )y

(1—aj _(V+2I‘1+2jaj _[g+2r2+2)AJ +iaj+§Ajj
. 7 n riont),

provided,

/1,§>0;77>0;|argc|<%A7z,A>O

where,
n

A= iH—Zq:H+ZG zp:Gj

j=1 j=m+1 j=1 j=n+1

Re[(v+2n+2+y(d; /D) +A(h /H;)1>0ji =L....m,; j=1,..,m

a (v+2r1+2)/yb (u+2r,+2)In (7/77)—1

9)
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Re[(u+2r,+2+n(f /F)+5(h /H)1>0i=1..,m;j=1..,m

1—-0.
Re|va2r+2—y| 2% |—a| =9 | |<oi=1.,n: =10
C G,

Proof: To prove Eg. (9), expand Bessel order of contour integral and the (x,y)-
function in series form and substitute the integrals. Finally, we arrive at our result on
Mellin-Bernes contour integral for H[cx*y’] evaluating the (x,y) integral by using the result

on the left hand side, then interchange the in Eq. (3).

4. APPLICATION OF THE MAIN RESULT

|f f (ti’tz) :t1v+2l'1+2t£4+2l‘2+2JV(plti)‘]#(pzt )H m,n [Ct/lté

e CIESA

Eqg. (8) becomes the double Laplace-Hankel transform of the product of H-functions of one and two

variables and takes the following form:

J‘J’e Rt,—Pot, v+2l’1+2ty+2r2+2J (p1t1)‘] (pzt )H m,n |:Ct tr5 1EEJ SJ;P :| H [atf’1bt;7:|dtldt2 =

iiii “D)*(-D)*>(-D"*(-D% p, Va2 IO"H“% a2 (22 (777)—1

SEEE s S, INIT(v+r, +1)1“(/,1+r 1) Qv

V+20+8+2 A
4G, (0-d; 1 D.;£D;
Hm+n2+n3 ,N+M, +mg Ca—i/yb—b‘/n 197609 [ 4 J Py Pz
p+0y+0,+03,0+ Py + Py + P +2n+5+2 A
2+ 0. 2+ Ps L5 H s (A [V 1751 jcj,—cj)nz

[1_fj_[ﬂ+2rz+52+2JFj ,éFj] wia(9.6)),, {l_dj_[v+2r1+31+2]Dj ,iDj]
1 n n P3 np+l 4 4 .
s A
n /4

+26,+S,+2 5 v4+265+8+2
[Hr(ﬂ p— ]Ei* Ejj maz (N Hj)g (1*01*( it ]ijfci)
1 1 P3 -+l 4 P2

[1—bj 7(1/-¢-2r1+s,1+2]ﬁ,j 7[;z+2r2+sz+2]8j g0, J
. y n o

y n
[1—aj 7[ v+2r1+51+2jaj 7[ U+20y+S, +2jAj N ]
1 P

~
<,

14 n

(10)

Provided the conditions are same as that of Eq. (9) with Re(py) > 0, Re(p,) > 0.

Proof: In Eq. (8)put
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f (L) =t %72, (p)3, (RS | etfts

G e

and use Eqg. (9) to get,

0 © (_1)1’1 (_1) r, pv+2rl pp+2I’2 o -
H ’ — 1 2 q (vr2nlyp-(us2n+)in 1
(Py. P2) HZ;”; LI IT (v + 6+ D)0 (p+ 1, +1) 2720 )

G ,,(-d;
M-+ N+, g ca7po"m 103611 (01, (
P+t +d2+03,0+ P+ P2+ P3

1(hj Hj)m 1 (¢ {

[1-fj—[”+2'2+ljﬁ ,éFJj n(95.6))p. [1—dj—[”2r1+ljDJ ,iDJJ [Lbj 7(”2&“]/3,» {WZQHJBﬁiﬁJ *éBi]
1 n n P3 no+l r 4 @ 1 y n il
[1_ej _[u+2r2+lej ’gEj] 2

A n n'), 7

V4 n
(N H g [1—cj —(V+2r1+ljcj,fcj] [17aj7(v+2r1+1]aj —[’u+2r2+l]Aj +ia]—+éAj]
5 np+l V4 p 1 4 n 4 n m

Hence F(p1,p,) = the right hand side of Eq. (10).

5. SUMMATION FORMULA

J.J‘e_pltl_pZIZJv ( p1t1)~]/, ( pztz)H ?qn |:Ct11t25 igﬁ:ﬁj;: :| H [at{ , bt;7 :I dtldt2 =
00

0 0 0 0 NSNS (N 1\ AV TST2R g atS, 21
ZZZZ ( 1) ( 1) ( 1) ( 1) P P> a—(v+2r1+2)/yb—(,u+2r2+2)/77(7/77)71

=SS5 s 1S, LI T (v + 1+ )T (e + 1, +1) 2747200

g

V42145 +2 A
Gi)pi(-d; - —227 1D, ZD;
[ M+ +g,N+mp-+mg Ca—l/yb—ﬁln 1(03:Gn 114, [ y j Iy Pz
P+ +02+03,q+ Py + P2+ P V+20+8+2 )
e arh 1(hj,Hj)m,l(l—cj—[%]cj:fcj)nz

(+2F)+S,+2 5 Vv+2h+8+2
[141*[#}':1 ’*Fi] n:1(95:G))p. [1*"1*[1731]'31 Dij
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4
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1 P3 P2

y j
[l—bj _(v+2r1+l)ﬂj _[/t+2 rﬁl)Bj +iﬂj +éBj]
. 7 n ql

/4 n
[l—aj _(v+2 rﬁl)a,- _(#+2r2 +1jAj N J
1 Ve n n

’m+1(hlej)qr [1—0
np+l

(11)

© STM Journals 2012. All Rights Reserved Page 28



Research & Reviews: Journal of Physics
Volume 1, Issue 1, April 2012, Pages 24-30

S

STM JOURNALS

Evaluating the left hand side of Eq. (11), using [4, 5 Eq.(8.5.6),p.150], the following summation

formula is obtained:

D3 (=D (D" p.°p,° b

ST (v A+ + D)0 (p+ 1, +1) 27 #20)

1 2
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-8 77
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n
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[Hj _[M]E]
1 n
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14 n
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1 14 4 n
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s
n
s
n

4 4 n

Provided the conditions are same as that of Eq. (9) with Re(py) > 0, Re(p,) > 0.

6. SPECIAL CASES

(1) In Eq. (10) let P, — 0, P,— 0 and y =1 = 1, to get the following result:

00 00

I, (BT, (R)HE; ety

00

1(95.Gj)p _
o |Hat, bt Jdtdt, =

i i (_1)r1 (_1)r2 g—(v+2rl+2)b—(,u+2r2+2)

A
ST+ + )T (e + 1, +1) 27 #20n)

1(9,Gj)n,1(1-dj—(v+21+2) D;j;AD; )mz

1(0) . H )y (1-¢;~(v+264+2)C1AC) )y,
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1(14j —(u+21,+2)F; SF; )pg,M(gj Gy nﬁl(l—dj ~(v+25,+2)D;,AD; )q2 l(1—bJ —(v+20,+2) B —(u+21,+2) B+ A3, +58; )0(l
(18 ~(u+2r,+2)E; SE; )y ma (i Hy g (16 ~(r+26+2)C; 4, )pz (L-aj-(v+2n+2)a;—(u+25,+2) A+ Ao +SA; )pl

(12)

(2) In Eq. (10) take n;= p;=q; =0, to get the double Laplace-Hankel transform of the product of

three single H-functions of Fox as:

O 3 8
Oy 8

e p1t1—pztzt1V+2"1+2té1+2l’2+ZJV ( plti)\]ﬂ ( pztz) H [an |:Ctlﬂt§
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1(¢;.C )pz H mg,Ng Ct’?
1(dj,

i i i i ( :l-)Sl ( 1)52 ( 1) B ( 1) K +Sl+2rl p,tl+52+2l’2 a—(v+2r1+2)/yb—(p+2r2+2)/77 (7/77)—1
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[141*(”#}:1 ’*Fjj ni1(95.G5)p. [H’r( B JDiv*Di]
1 n T np+1 4 a2

A
v
HA20+Sy+2 ) V42045 +2 A
[l—ej 7(7 E{\=Ej | mahjH)g |1-¢;- L C;,=C;
1 n n P3 np+l 4 4

P2 (]_3)
Provided the conditions are same as that of Eq. 3. Srivastava, H.M. and Panda,R. Journal fiir
(9) with p, = g, = 0: Re(py) > 0, Re(py) > 0. die reine und Angewandte Mathematik 1976

a. 283/284. 265-274p.
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